
Relations. Tutorial problems

Basic notions

1. Find which of the following statements are true (A is an arbitrary finite set):

a) A×A is a binary relation on A.
b) {} is a binary relation on A.
c) Any relation on A is an element of A×A.
d) Any relation on A is a subset of A×A.
e) A×A is a subset of A.
f) The set of all relations on A includes A×A as an element.
g) The set of all relations on A includes A×A as a subset.
h) The set of all relations on A is equal to the power-set of A.
i) The set of all relations on A is equal to the power-set of A×A.

2. How many different relations can be defined between two finite sets A and B?

3. Let x ∈ A and y ∈ B. How many relations between A and B contain the pair (x,y)?

4. How many relations are there between ∅ and A ≠ ∅?

Representation of relations

5. Figure 1 defines two relations on the set {a,b,c,d}. Find the list and matrix representations of those relations. For the
matrix representations, you will need to assign sequential numbers to the members of the set.

6. A relation on the set {a,b,c,d} is defined by the following list: {(a,c), (c,c), (a,a), (b,b), (c,a), (d,b), (d,a)}. Draw the
directed graph representation of this relation and write its logical matrix.

7. A relation is represented by a list of 7 pairs.
a) How many edges can its directed graph have, provided that it has no loops?
b) If it has loops, how many of them can there be?
c) How many elements of the logical matrix of this relation are true?

8. The inclusion relation ⊆ is a relation on the power set  3 (X) of a finite set X. For X = {1,2} , write the logical matrix for
⊆  on 3 (X).

9. All columns of the logical matrix of a relation are identical. What would a directed graph of such a relation look like?
Draw a sketch.

10. The list representation of a relation on set A has the following property: every element of the set occurs in no more than
one pair on the list. Describe what the graph of this relation looks like.
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fig 1. graphs  to problem 5



Basic properties

11. Give examples (in the form of directed graph) of relations that are:

a) symmetric and transitive;
b) symmetric but not transitive;
c) transitive but not symmetric;
d) neither symmetric nor transitive;

12. What is wrong with the following “proof”  that every symmetric and transitive relation is reflexive? If (a,b)∈R then
(b,a) ∈R by symmetry. By transitivity (a,a) ∈R. Therefore R is reflexive.

13. These questions are about the cardinality of relations:
a) How many reflexive relations are there on a set of k elements?
b) How many symmetric relations are there on a set of k elements?
c) How many relations on a set of k elements are both reflexive and symmetric?
d) How many relations on a set of k elements are both symmetric and antisymmetric?
e) How many relations can be defined on an empty set? Find them.
f) How many relations can be defined on a 1-element set? Classify them.

14. How would you define antireflexivity? If your definition is analogous to that of antisymmetry, there is only one
symmetric, transitive, antireflexive  relation on any given set. Find it.

15. What is the minimum cardinality of a set on which it is possible to define
a) a intransitive relation (i.e. one that is not transitive)?
b) asymmetric relation (i.e. one that is not symmetric)?
c) antisymmetric relation?

16.  Every element of set A occurs no more than once in the list representation of some relation r on A. What can you tell
about the basic properties of relation r?

17. A set consists of elements of two kinds. A relation on this set is such that it only relates an element of one kind with an
element of the other. What can you tell about the basic properties of this relation?

Equivalence relations

18. Define the relation r on the set of natural numbers as follows:

r  = {(x,y) | ∃n∈Z: x/y = 2
n
}.

Here Z is a set of all integers. Prove it is an equivalence relation. How many different equivalence classes are there among
[1], [2], [3], and [4], where the brackets denote the equivalence class of the expression inside.

19. Consider a set of 3 elements. How many different equivalence relations can you define on such a set? Enumerate them.

20. Given that |A| = 24 and an equivalence relation q on A partitions it into three distinct equivalence classes A1, A2, and A3,
where |A1| = |A2| = |A3|, what is |q|?

21. State the conditions for the union of two equivalence relations on the same set to be an equivalence relation.

The notion of closure

22. For the relations shown in fig. 1, find and representas directed graphs their
a) reflexive closure
b) symmetric closure
c) transitive closure



23. Call a relation r  on set A circular when for any a,b∈A, arb and ara implies brb. Prove circular closure exists. Suggest
an algorithm for finding the circular closure of a relation defined by a logical matrix.

24. Which of the statements below are always true, may be true or false depending on the relation, are always false? Explain
a) the transitive closure of a symmetric relation is symmetric
b) the symmetric closure of a transitive relation is transitive
c) the reflexive closure of a transitive relation is transitive
d) the transitive closure of an antisymmetric relation is antisymmetric
e) the reflexive, transitive, symmetric closure of a relation is antisymmetric

25. Using Warshall's algorithm, find the transitive closure of the following relations on {a,b,c,d,e}:
a) {(ac),(bd),(ca),(db),(ed)}
b) {(ab),(ac),(ae), (ba),(bc),(ca), (cb),(da),(ed)}

Relations of order

26. Find all relations of order on a two-element set. Which of them are total orders and which are partial?

27. Prove that that the relation “divides integrally” on natural numbers is a relation of order.
a) is this order total or partial?
b) now assume that this relation is defined only on powers of 7. Which category is it?

c) consider the set of all numbers that are equal to 3
n
7
m

 with some nonnegative integer n and m.
what kind of order the relation “divides integrally” induces on this set?

28. A relation is defined by a logical matrix. Suggest necessary conditions for the matrix to represent a relation of order.

29. Using topological sorting, prove that the elements of the set on which a partial order is defined can be numbered so that
the logical matrix of this relation has only false elements below the main diagonal.

30. Show that the Hasse diagram of any total order is a vertical array of vertices connected with a single chain.

31.  A relation ⇐ is defined on a set W of pairs of natural numbers not exceeding 7 as follows: (a, b) ⇐  (c, d) if and only if
both a ≤ c and b ≤ d.

a) prove this relation is a relation of order and that the order is partial.
b) show that for any two members of W the glb and lub exists.
c) denote them as /\ and \/ respectively and find if (W, \/, /\) is a Boolean algebra.

Relational algebra

32. What is the result of  (≤ ∩ ≥)°(≤ ∪ ≥) given that the relations are defined on the set of all integer numbers?

33. Prove that the operation of composition is monotonic with respect to set inclusion of relations:

(a′⊆  a) → (a′ ° b) ⊆  (a ° b)
and

(b′⊆  b) → (a ° b′) ⊆  (a ° b′)

34. Prove that if a relation is antisymmetric and transitive such are all its relational powers.

35. Prove that if the square of some relation is empty than this relation is transitive.

36. Is composition distributive over intersection? Prove your answer.



Functions

37. Find which of the following relations are functions and find their domain and codomain. For those functions that are
bijections find the inverse function.

a) {(1, a), (1, b), (2, c), (3, b)} between sets {1, 2, 3} and {a, b, c}
b) {(a, a), (b, b), (c, c)} on set {a, b, c}
c) x is related to y if and only if  3x+2y = 1; real numbers
d) x is related to y if and only if  3x+2y = 1; integer numbers

38. Which of the following statements about composition of functions are correct?
a) the composition of two surjections is a surjection
b) the composition of two injections is an injection
c) if the composition of two functions is a surjection then they must both be surjections
d) if the composition of two functions is an injection then they must both be injections
e) the composition of an injection and a surjection is a surjection
f) the composition of a surjection and an injection is an injection

39. Prove that if f: A→B and g: B→A are such that g°f = eA where eA is the identity function on set A then f is an injection
and g is a surjection.

40. Let A be a set on which a total order relation r  is defined. Prove that if  f: A→B  is a bijection then the (relational)

composition f c ° r ° f  is a total order on B.


