
Logic. Tutorial problems

Propositions and logical connetives

1. Each of the following statements is a compound proposition comprising two atomic ones and a logical connective.
Identify the propositions and the connective and re-write the statements in symbolic form. Pattern: "I won the game and you
lost"; p and q, where p is "I won the game" and q is "you lost the game".

a) I shall have a salad or a soup for lunch.
b) Touch those cookies and you'll be sorry.
c) Steel is the best material for nails or screws
d) I feel good when I have done my homework
e) You leave or I set the dog on you.
f) Whenever x=0, the magnetic card is outside the box.
g) If it rains the barbecue will be cancelled.
h) I will go unless you stop that.

2. Using the implication symbol → and/or the symbol of equivalence ≡, write the following propositions in symbolic form
(do not use any other connectives!):

a) if p then q
b) p if q
c) the falsehood of p follows from the falsehood of q
d) p only if q
e) p if and only if q
f) p is a sufficient condition for q
g) p is a necessary condition for q
h) p implies q
i) the truth of p follows from the truth of q

3. Show the following statements to be tautologies. Do not use truth tables in your solution.
a) ((p→q) and (q→r)) → (p→r)
b) ((p→(q and r)) ≡ ((p→q) and (p→r))
c) ((p→(q→r)) ≡ ((q→(p→r))

4. Using the properties of connectives,
a) express implication and equivalence in terms of not-and.
b) express and in terms of xor and or.

5. What is the reason that logical connectives connect only two propositions? Why does logic not use connectives for three
propositions?

Rules of inference

6. Consider the following arguments. For every argument establish whether it is valid and if it is whcih inference rule can
be used to prove its validity.

a) Ron can play golf and he can play chess. Therefore he can play chess.
b) A sufficient condition for James to win the prize is to defeat all his opponents. James won. Therefore he

defeated all his opponents.
c) Ann's car leys are either in her bag or on the kitchen table. Ann's car keys are not on the kitchen table.

Therefore they are in her bag.
d) When I feel tired, I go for a walk. I have gone for a walk. Therefore I have felt tired.
e) If Alex passes the test he will get his driving license. If Alex gets his driving license, he will be entitled to

driving on his own. Therefore if Alex passes the test he will be entitled to driving on his own.



f) If I work hard, I shall pass the exam. If I apply for a grant, I shall receive the money. I have not received the
money or passed the exam. Therefore I did not work hard or I did not apply for the grant.

g) If I buy my ticket in time, I shall visit my brother this summer. I have not bought my ticket in time. Therefore I
have not visited my brother this summer.

7. Show that the following argument is valid:
a) Socrates is a man. If Socrates is a man, he is mortal. Plato is right or Aristotle agrees with Socrates. If Aristotle

agrees with Socrates, then Socrates is immortal. Therefore Plato is right or Pythagoras is 5ft tall.
b) (René Descartes) The only thing that I know to be true is that I am in doubt. If I am in doubt then I think. If I

think then I am. Therefore I am.

Predicates

8. Write the following propositions as quantified predicates using the atomic predicates given in brackets.
a) cats like milk (P(x) = x is a cat, Q(x) = x likes milk)
b) only cats like milk (same predicates)
c) everybody has a friend (P(x,y) = x is friends with y)
d) somebody is everyone's friend (same predicate)
e) no more than one person failed the exam ((P(x) = x failed the exam)
f) exactly one person failed the exam (same predicate)

9. Let g(x,y) = xy/ (y−x). Find the expression for g(x−y, x+y). Prove your answer using the predicate instantiation rules.

Proof techniques

10. A statement is given in the form (∀x)(P(x)→Q(x)), where x is an integer. Instead of attempting to prove it directly, a
logician decides to establish the truth of one of the following propositions, which, if shown to be true, must ensure the truth
of the theorem. Which one(s) can he use and which ones can he not use?

a) (∃x) Q(x)
b) (∀x) not P(x)
c) (∀x) Q(x)
d) (∃x) P(x) and not Q(x)
e) (∀x) (not P(x)) and not Q(x)
f) (∃x) (not P(x)) and not Q(x)

11. Now suppose the logician wants to disprove the statement (∀x)(P(x)→Q(x)). Which of the statements above can be use
to this end and which can not be?

12. The axiomatic theory that defines "real numbers" can be based on any set S of objects. There are 9 axioms:
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where the operations "plus" and "times" are abstract and all the quantified variables are just abstract variables no matter
how we denote them, in full agreement with the substitution rules for predicates. For instance, the fact that a variable is
denoted −a does not mean that it has a "sign" and that it should be inverted, any variable b could be used instead.
Prove the following theorems:



a) if there exist more than one member of set S, then z ≠ u
b) objects z and u are unique
c) prove or disprove (∃w) z × w = u
d) (∀x)(−u)× x = −x , where both −u and −x are defined in terms of axiom 8.

Principle of Mathematical Induction (PMI)

13. Use PMI to prove that 1×2+2×3+3×4+ ... +n(n+1) = n(n+1)(n+2)/3.

14. Here is a proof by induction of the fact that all cats are the same colour. First define the set of objects of the same colour
as a set in which there is no pair of objects of different colours. Now comes the proof.
Basis step: a set of one cat is a set of cats of the same colour.
Inductive step: suppose the theorem has been proven for all sets of k cats. Consider a set of k+1 cats. Take one cat out of
the set, call it First. By inductive hypothesis, the rest of the cats are the same colour, say colour x. Take another cat away,
call it Second. Cat Second is colour x, since all cats were colour x when we took Second out. Remember the rest of the set
has k−1 cats of colour x. Now return First to the set. The set has now k cats, k−1 of which are colour x (the other cats) and
there is also cat First of some unknown colour. Since by inductive hypothesis a k-cat set has just one colour, First must also
be colour x. OK, now bring Second back in, we have a set of k+1 cats, all colour x.
To summarise, we assumed any k cats were of colour x and we have proven any k+1 are colour x also.
Conclusion: by virtue of the Principle of Mathematical Induction, all cats in the world are the same colour.
Since the conclusion is obviously false (we have all seen ginger, grey. stripy, etc. cats), only three posibilties are available.
The PMI is false or inapplicable to cats, logic is false or inapplicable to cats, or there is an error in the proof. I choose the
last, do you?

15. How many regions do k straight lines divide a plane into provided that no two lines are parallel and no more than two
lines intersect in the same point. (hint: use PMI; how many regions are split into two by drawing one more line?)

Program correctness

16. Verify that the program segment

y=1; x=x+y; if(x<0)x=2;

is correct for the precondition x=0 and the postcondition x=1.

17. Here is a program fragment implementing a simple division algorithm:

precondition: a is a nonnegative integer, and d is a positive integer, r=a, and q=0

while(r>=d) {
r=r-d; q=q+1;
}

postcondition: q and r are nonnegative integers, a=qd+r , 0≤ r< d

Explain the postcondition. Prove correctness.


