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Welcome!

This section includes a traditional range of topics from
logic as they are taught in a Discrete Mathematics
course. The material is roughly equivalent to 8 hours of
lectures, and should take a first-year student about 4
weeks to assimilate.

The known difficulties in learning logic are mostly to
do with the development of symbolic thinking and the
intuition and techniques of symbol manipulation.
Learners often find it a problem to pitch their reasoning
at the right level of formality, with the stronger students
tending to overformalise their argument whereas the
weaker ones seek a "magic spell" to make it sound
formal. One of the simpler (but infinitely more
annoying) problems is the converse and inverse errors
in dealing with implications. Generations of students
have failed their assessment by not showing enough
understanding there, so in the present edition of
"Logic", I have included the whole slide on this issue.

As in every other discipline, practice makes perfect in
logic. To this end a range of excercises has been
designed, located here. Here are the solutions.

Enjoy!

The Author

click here for the instruction leaflet
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The concept of logicThe concept of logic

• The objectives of logic
– to formalize our thinking processes
– to derive the rules of inference
– to identify the valid methods of reasoning
– to define what constitutes a formal proof

• The use of logic
– in computer programs
– in logical circuits
– in specifications
– as a programming tool (logic programming)
– as a basis for computer science and engineering

A
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Logic deals with unambiguous statements, which can be
either true of false

Examples: X = “humans have two legs”
Y = “students are lazy”
Z = “the moon is made of green cheese”
W = “this is a false statement”
F = “answer this question”

Which of those are propositions?

PropositionsPropositions

B

Proposition  = statement with objective truth value

This slide explains and exemplifies the notion of proposition. While being relatively
simple, this notion is somewhat treacherous as we tend to assume that any statement may
be approached from the logic point of view. In fact the science of logic only manipulates
the statements the truth or falsehood of which can be established objectively and fully.
Logically enough, any sentence that is

1. a matter of opinion, i.e. true to some, false to others
2. not a statement, i.e. a command or a question
3. whose truth value can not be ascertained either way, i.e. a paradox

is naturally excluded from the scope of logic.

On the slide, X and Z are propositions, with X being true and Z false; Y is a matter of
opinion, and F is not a statement. As for W, it is a paradox: assume W is true, which should
mean that W is indeed a false statement. But if it is a false statement, how can it be true?
Now suppose it is false, That is, that W is a false statement is false. Hence W is a true
statement. The conclusion is that W is neither true nor false, for if we assume it is true we
can show it is false and if we assume it is false we can show that it is true.
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Logical connectivesLogical connectives

• Atomic propositions: no propositions inside, truth known
• Compound propositions: consist of atomic ones
• Logical connectives connect propositions

Examples:
X = “it rains”
Y = “I shall stay at home in the afternoon”
Z = “Mike will go shopping”

P = if X then Y  R = not X
V = Y and Z
W = X or (Y and Z)

• Atomic propositions: no propositions inside, truth known
• Compound propositions: consist of atomic ones
• Logical connectives  connect propositions

Examples:
X = “it rains”
Y = “I shall stay at home in the afternoon”
Z = “Mike will go shopping”

P = if  X then  Y  R = not  X
V = Y and Z
W = X or  (Y and Z)

C1

Every topic in mathematics is organised in almost the same way. First the foundations are
laid, such as numbers in arithmetic, variables and operators in algebra or propositions in
logic. Then rules are introduced which define the way these simple entities behave in
combinations and finally we study the laws and try some applications.
Logic is not different in this respect. Our next step is to define the way we combine
propositions into more complex ones. They are called compound propositions and the
language material used to hold them together is known as connectives. The examples
above define some such connectives.
Note that since logic is not interested in the substance of atomic propositions (as it
concerns itself exclusively with the truth values of those) the effect of a connective should
be the same for all combinations of atomic propositions that have the same values. For
example, no matter what Y and Z mean in (Y or Z), if Y is true and Z false then the result is
true, for that is a property of the connective “or”.
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Logical connectives (1)Logical connectives (1)

• How are they defined?
• How many of them are

there?

Truth table for connective ~

Proposition A Proposition B A~B
F F a
F T b
T F c
T T d

Connective FF FT TF TT

c1 F F F F
c2 F F F T

c3 F F T F

c4 F F T T
c5 F T F F
…

C2

Looking at the connectives as a class of objects, the questions displayed on the slide
naturally come to mind. To define a connective means to define its effect for every
combination of the atomic propositions that it connects. There are 4 such combinations:
both false, first false and second true, first true and second false, and both true. For each of
those, a given logical connective should yield either true or false. Let us place the four
results in a table against the four original combinations FF, FT, TF, and TT. Such a table is
called the truth table of the connective.
How many different truth tables are there? The only thing that changes from connective to
connective is the four resulting truth values. How many different groups of 4 logical values
are there?

FFFF TFFF
FFFT TFFT
FFTF TFTF
FFTT TFTT
FTFF TTFF
FTFT TTFT
FTTF TTTF
FTTT TTTT

There are 16 such groups and so there exist 16 logical connectives.
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Logical connectives (2)Logical connectives (2)

• What do they mean?
– 8 connectives:
– Note or  versus xor

Contradiction
a compound proposition
that is always false

Tautology
a compound proposition
that is always true

– another 2:

Connective FF FT TF TT

contradiction F F F F
A and B F F F T

A and (not  B) F F T F

A F F T T
(not  A) and B F T F F

B F T F T
A xor  B F T T F
A or B F T T T

Connective FF FT TF TT

if  A then B T T F T
iff  A then  B T F F T

C3

Using the not operator, we can effectively halve the number of connectives we need to
consider. Indeed, let us pick a connective and change all its output values to the opposite.
The result is another logical connective obtained by negating the first one. For example,
the connective (TFFT) is the negation of (FTTF). When we negate a statement twice, we
come back to the original statement; this means that the whole set of connectives naturally
breaks down into pairs. We can, of course, consider just one member of such a pair, for
example the one that has an F in the “FF” position.
The slide shows 8 connectives. Note the difference between the “or” and “xor”. The
English meaning of “or” is sometimes exclusive. For example, “I would like an omelet or
scrambled eggs  for breakfast” usually means “either … or…”. This is called “exclusive-
or” in logic and is denoted  by the symbol “xor”. The “ or” connective is inclusive, as in
“The ideal candidate will have a degree in computer engineering or sufficient work
experience”  obviously the one with both the degree and experience is acceptable just as
well.
There are two special kinds of compound proposition. It is conceivable that a compound
proposition is false whatever the truth value of the atomic propositions involved. Such a
proposition is called a contradiction, for example, (X and not X). If a compound
proposition is true whatever the truth value of the atomic propositions involved, it is a
tautology, for example, (X or (not X) or Y).
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ImplicationImplication

C onnective FF FT TF TT

if  A  then  B T T F T

premise corollary

If  x is a human then x has a heart;   Tautology?

case 1: x is student Bloggs
case 2: x is cat Caesar
case 3: x is a pint of beer
case 4?: x is captain J-L Picard

C4

equivalence

C onnective FF FT TF TT

iff  A  then  B T F F T

Implication is a tricky connective. Many students find it difficult to handle this connective
correctly. There is nothing complex about it, however. The meaning of the implication “if
a then b” in logic is not necessarily “a is the reason of b” as in “if you don’t study you will
fail the exam”, but more generally “whenever a is true, b must be true also”. It is, as it
were, the coincidence of truth, not causation. For instance, the implication “if 2x2=4 I am a
teacher of logic” is true, for I am a teacher of logic indeed, and the arithmetic equation is
correct, too. That doesn’t at all mean that I am a teacher of logic because 2x2=4.
The example on the slide reconciles the truth table with our intuition. No-one would
dispute the truth of the proposition that all humans have hearts. Without a heart, a person
can not live. The statement is therefore an absolutely correct statement, i.e. a tautology. Let
us try it logically. Let x stand for student Bloggs. A and B are true and the statement, being
a tautology, is true; we can now fill up a cell in the truth table. If x is cat Caesar, A is false
and B is true (cats have hearts just as humans do). Since our statement is a tautology, again
we have to conclude that the implication is true. This gives us the contents of another cell
in the truth table. Now consider x being a pint of beer. A is false and so is B. But the
implication we are considering still remains a tautology! The only combination we have
not encountered yet is TF. That is to say, x is a human and at the same time x has no heart.
Apart from the famous captain Picard of spaceship Enterprise I can’t think of a human
without this vital organ. If one existed in reality, then surely the statement “every human
has a heart” would be false! Now we can complete the truth table.
Note that the implication is true except when the truth implies falsehood. Great
mathematician of the past Gilbert was rumoured to have said “allow me to assume that
2x2=5 and I will logically prove that witches can fly a broom” (or something to this
effect). Indeed, if we assume a false premise we can arrive at a false corollary. We can also
make a true corollary, since a false premise could be unused or used in some ineffectual
way so as not to make the end point of our argument false. However, if logic makes any
sense at all (and rest assured it does), it must guarantee that a true premise can only lead to
a true corollary. In other words, that if a true premise has led to a false corollary, then the
implication is logically incorrect, i.e. false.
Finally, when we say “if  a then b and if b then a”, we mean that a and b are either both
true or both false (why?). This connective is the negation of xor.  It is termed equivalence.
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Some equivalenciesSome equivalencies

• Every connective can be
expressed in terms of
not-and  or not-or  using De
Morgan’s Laws and the table.

D

not  (p and  q) = (not  q) or (not  p)
not  (p or q) = (not  q) and  (not  p)

not  (not  p) = p

(p and  q) and  w = p and  (q and  w) 
(p or q) or w = p or (q or w)

p or (q and  w) = (p or q) and  (p or w)
p and  (q or w) = (p and  q) or (p and  w)

not  (p and q) 
(not  q) or  (not  p)

FF    FT    TF    TT

Logic uses a number of fundamental tautologies which it treats as laws of reasoning.  Each
such tautology is an equivalence-based compound proposition, which can be verified by
trying all combinations of the truth values in them. There are a few remarkable
equivalencies of this kind, which prove quite useful when reasoning about complex logical
(or even ordinary, verbal) constructs.
De Morgan’s laws show us that the variety of connectives is in fact redundant. For
instance, one could do without the and connective, using an or and three negations.
Electronic engineers know that de Morgan’s laws play an important role in minimising the
variety of “logical gates” which are devices that perform logical operations with electrical
signals by modelling logical connectives. It is quite easy to see that only one connective is
necessary even if the not operator is unavailable. This can be either the not-and or not-or
connective, can you prove that?
The double negation law is fully intuitive, indeed if the statement “p is false” is false, then
p can only be true.
Laws of associativity should be familiar from arithmetic: as it doesn’t matter how to group
terms in a sum or product, so it doesn’t matter how we group terms in a string of and’s or
or ’s.
And finally the dsitributivity laws are similar to those in arithmetic as well, with one
important exception: both connectives are distributive over one another.
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Instantiation and substitutionInstantiation and substitution

Instantiation rule.  Let p be an atomic proposition occurring in a
tautology Q. If any proposition p0 is substituted for all  occurrences of
p in Q (this is called “instantiating” p to p0), the resulting  proposition
will be a tautology, too.

Substitution rule.  Let p be a proposition occurring in some compound
proposition Q. If any instances of p in Q are replaced by some p0
equivalent to p (i.e. whenever p is true (false), p0 is true (false) also
and vice versa), this results in a proposition equivalent to Q.

Examples:
instantiation: Q = p or (not p) is a tautology; 

p ← (f and g); Q′= (f and g) or (not (f and g)) is a tautology
substitution:  Q = not (p or q) and g; 

not (p or q) ← (not (p) and not (q)); 

Q′ = not(p) and not(q) and g ≡ Q 

Examples:
instantiation: Q = p or (not p) is a tautology; 

p ← (f and g); Q′= (f and g) or (not (f and g)) is a tautology
substitution:  Q = not (p or q) and g; 

not (p or q) ← (not (p) and not (q)); 

Q′ = not(p) and not(q) and g ≡ Q 

E

Logic concerns itself with all forms of symbolic reasoning, including the techniques of
rewriting a formula. Those techniques in their simplest form are used in elementary
arithmetic and algebra, but there they are taken for granted and not reflected upon.
Logicians must call into question all such methods since the science of logic attempts to
define very precisely what forms of reasoning are valid in general. Note that those
“reasoning templates” are so fundamental that we are unable to prove them; for they
themselves define (at least to a certain extent) what may constitute a proof!..
Consider instantiation. If we have a tautology, it is true no matter what atomic propositions
are used, whether they are true or false, provided, of course, that we make sure that every
occurrence of each atomic proposition is the same truth value. Hence it would not matter if
we replaced all occurrences of an atomic proposition by some other proposition, not
necessarily atomic. This process of replacement is known as instantiation and it is used
outside logic as well. Instantiation in the broader context means replacing an abstract
symbol by its concrete realisation.
Substitution is equally intuitive. We are used to thinking that if two objects are equivalent,
i.e. can not be distinguished in some sense (in logic this refers to the truth value) then we
should be able to substitute one for another in any formula, achieving an equivalent (in the
same sense) result.
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Valid argumentValid argument

• Valid logical argument :

premise 1 and premise 2 and … → corollary,

such that if all premises are true corollary is true also

– If any one of the premises is false, the truth of the corollary does
not matter as the implication is true automatically

G1

C onnective FF FT TF TT

if  A  then  B T T F T

When we derive a statement from other statements, this is called an argument.  In common
parlance, an argument means a verbal dispute.  That is not what it means in logic.  Here, an
argument is a set of statements, one of which is claimed to follow from the others.  That
statement is called the corollary of the argument.  The statements it is said to follow from
are called the reasons or premises of the argument.  Note that the corollary does not have
to follow from the premises for there to be an argument.  An argument is any series of
statements for which the speaker claims some are reasons for believing another.  For
instance,

It rains. Therefore I am 35.
is an argument --- though not a very convincing one.
An argument usually carries a message, a recipe or an observation of some sort. When we
say “if you don’t study you’ll fail the exam”, we mean to state what will happen in only
one circumstance, namely, “if you don’t study”. We have no intention to specify what will
happen in other circumstances, in particular “if you do study”. You may fail still. Or you
may pass. Either way this should not have any bearing on the argument in question, for the
argument is not about that. It is about what happens when you don’t study.
In informal speech an implication is sometimes strengthened to an equivalence by context.
Indeed, the statement “I will leave you at home if you behave like this” would be taken by
most to mean “... and if you don’t behave like this, I won’t”. The best way to avoid this
type of confusion in logic is to ask yourself if the falsehood of any of the premises has
further implications. If it does, then the form of the argument may be ambiguous.
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Valid argument (example)Valid argument (example)

p1 and  p2 and  p3 → q [(p→ r) and not  (q→ p) and  (not  r)] → q

if  the car is on the road then  we arrive on schedule = p1  
if  the car is not broken then  the car is on the road = p2 

we have not  arrived on schedule = p3 
therefore  the car is broken = q

p1 = p→ r
p2 = not q→ p
p3 = not  r

p 1 p 2 p 3 p 1 and  p2 and  p 3 →  q

p q r p→q not q→p not r (p→q) and (not q→p) and (not r)  →  q

F F F

F F T

F T F

F T T

T F F

T F T

T T F

T T T

G2

Here we have three premises and a corollary. Note that the first two premises are
implicative, whereas the third one is an atomic proposition. The argument can be validated
by making a table as shown, in which the atomic propositions are given all possible
combinations of values and the truth of all compound propositions is entered in the cells
against them. The argument as a whole is represented by the last column, and if it is valid,
the column must have true in all its entries.
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Rules of inferenceRules of inference

• Complex statements involve tens of propositions
• Need to verify if they are logically valid
• Use of tables requires exponentially large number of tests
• We shall use patterns of logic known to be true (“ rules of

inference ”):
p1 and  p2 and  … → q

• Write them thus:
    p1

    p2

    …   .
∴ q

H1

It is evident already that validating even simple arguments (such that are not It is evident already that validating even simple arguments (such that are not worth
validating for their validity is all but obvious) may be quite tedious. For n atomic
propositions, the number of rows in the table would be 2n and so, for example, 10 atomic
propositions would necessitate analysis of 1024 cases which is hardly a task we ourselves
could accomplish without errors.
It is often necessary to build up a logical argument for the correctness of a computer
program. Such an argument would involve hundreds of atomic propositions, so simple
validation using the table method would be quite impossible. The alternative technique is
to use some transformations called “rules of inference”, which are known to be valid. By
applying those rules repeatedly to various parts of the argument in hand, it can be
eventually reduced to a tautology, in a way similar to applying the rules of arithmetic to an
equation to show it to be an identity. (There too, we prefer that to checking an equation on
all possible numerical values.)
Each rule of inference is an argument in its own right. It states some premises and gives a
corollary. Since it is a valid argument, it is guaranteed by the instantiation rule  that if we
can instantiate the premises to a part of our own argument, the result is a tautology again.
A tautology can always be added to the premises of any argument without changing its
validity (why?). By continuing this process as long as it takes and using more than one
inference rule if necessary, we may be able to build up the corollary of our argument as
one of the premises to it, and since the implication x and q → q is obviously a tautology,
this immediately provides the validation we seek.
The process of validating an argument is often referred to as “proving”.



13

 A.Shafarenko, 1995. All rights reserved

Modus PonensModus Ponens

• Rule of detachment (“method of affirming”, lat)

[p and (p → q)] → q

Example:
He’s playing tennis

If he’s playing tennis, he’ll fail his exams


Therefore he’ll fail his exams

Example:
He’s playing tennis

If he’s playing tennis, he’ll fail his exams


Therefore he’ll fail his exams

p

p → q


∴ q

H2

This is called the rule of detachment because it enables one to sever the corollary from the
premise of the implication. As well as other inference rules, this one should be taken for
granted for it is as fundamental as our notion of common sense. Indeed what it says is that
a true implication can be construed as a true conditional statement; if the condition is
satisfied then we must find the concluding part of the statement to be true.
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Modus TollensModus Tollens

• “Method of Denying”

[(p → q) and (not  q)] → not  p

Example:
If he’s playing tennis, he’ll fail his exams

He hasn’t failed his exams


Therefore he wasn’t playing tennis

Example:
If he’s playing tennis, he’ll fail his exams

He hasn’t failed his exams


Therefore he wasn’t playing tennis

p → q
not  q


∴ not  p

H3

This is another inference rule that embodies our understanding of implication when it is
used negatively. If some true conditional statement offers a false conclusion then this can
only mean that the condition has not been satisfied. Hence the name “the method of
denying”
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Hypothetical SyllogismHypothetical Syllogism

• Chaining implications

[(p → q) and (q → r)] → (p → q)

p → q
q → r


∴ p → r

Example:
If he’s playing tennis, he’ll fail exams
If he fails exams he’ll lose his grant



Therefore, if he’s playing tennis,
he’ll lose his grant

Example:
If he’s playing tennis, he’ll fail exams
If he fails exams he’ll lose his grant



Therefore, if he’s playing tennis,
he’ll lose his grant

H4

This is a very important rule which provides the “glue” to most logical arguments. In real
life we often observe a chain of events linked by cause-and-effect relationships. We
usually assume that the very first event causes the whole chain. This is correct intuition
which logic recognises by providing a rule for it.
It is interesting to note that the word syllogism comes from two Greek words meaning
“combined reasoning”. We are indeed considering two statements together when we
reason about this law. Note that the hypothetical syllogism is not the only one in logic.
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Other inference rulesOther inference rules

Rule of Inference Name of Rule

p
q


∴ p and  q

Rule of
Conjunction

p or  q
not  p


∴ q

Rule of
Disjunctive
Syllogism

not  p →
contradiction


∴ p

Rule of
Contradiction

p and  q


∴ p

Rule of
Conjunctive
Simplification

p


∴ p or q

Rule of
Disjunctive
Amplification

Rule of Inference Name of Rule

p → q

∴ (not  p) or  q

Rule for
elimination of
implication

p → q
r → q


∴ (p and r) → q

Rule for proof by
cases

p → q
r → s
p or  r


∴ q or s

Rule of
Constructive
Dilemma

p → q
r → s

(not  q) or  (not  s)


∴ (not  p) or (not  r)

Rule of
Destructive
Dilemma

H5

The full list of inference rules depends very much on how far we wish to go into human
intuition  and formalise it, but those rules above are usually deemed sufficient for analysis
of logical arguments. Here are some comments.
The rule of conjunction simply means that if two propositions are true severally, they are
true jointly, for propositions are finite statements with a constant truth value.
The rule of disjunctive syllogism says: if you know that p or q is true and you also know
that it isn’t  p then it must be q. No comment here.
The rule of contradiction is commonly known as the “principle of excluded middle”: if
not p implies a contradiction and this is a premise to an argument, then not p must be false
(for the implication to be true), so p has to be true.
The rule of conjunctive simplification resembles the rule of conjunction, stating that if two
things are true jointly then they are true severally.
Disjunctive amplification states that if a proposition is true, anything else could be or ’ed to
it and yet the result would still have to be true as the truth of only one of the or ’ed
statements was required.
Many rules of inference can be generated by considering the expression of implication in
terms of or. Indeed an implication is false in only one case and so is disjunction. The
difference is that the latter is false when both statements are false whereas the former is
false when the premise is false and the corollary true. This explains the not in the
corollary.
Proof by cases enables us  to split the premises into two groups and consider them
severally rather than jointly. This supports our intuition that using part of the premises is
allowed (but to assume any statements not included in the premises would be a fallacy).
The constructive dilemma projects a choice of premises onto the respective choice of their
corollaries. So if one of the two causes is present we can reasonably expect one of the two
effects to be there, provided that the causes cause their effects severally.
The relationship between the destructive and constructive dilemmas is the same as between
the modi Tollens and Ponens.
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Validating an argumentValidating an argument

• Look for the premises
that an IR’s premises
can be instantiated to

• Add the IR corollary to
the premises

• Repeat until you have
added the corollary of
the argument to the
premises

Example argument
p → q
q → (r and s)
not  r or  (not  t or  u)
p and t

∴ u
Validation
1. p → q   Premise
2. q → (r and s)   Premise
3. p → (r and s)   1,2 and Law of Syl.
4. p and t   Premise
5. p   4 and Conj. Smp.
6. r and s   5,3 and Mod Ponens
7. r   6 and Conj. Smp.
8. not  r or  (not  t or  u)   Premise
9. not  (r and t ) or  u   8, Assoc. + De Morg.
10. t   4 and Conj. Smp.
11. r and t   7,10 and Rule of Cnj
12. u   9,11 and Disj. Syl.

Example argument
p → q
q → (r and s)
not  r or  (not  t or  u)
p and t

∴ u
Validation
1. p → q   Premise
2. q → (r and s)   Premise
3. p → (r and s)   1,2 and Law of Syl.
4. p and t   Premise
5. p   4 and Conj. Smp.
6. r and s   5,3 and Mod Ponens
7. r   6 and Conj. Smp.
8. not  r or  (not  t or  u)   Premise
9. not  (r and t ) or  u   8, Assoc. + De Morg.
10. t   4 and Conj. Smp.
11. r and t   7,10 and Rule of Cnj
12. u   9,11 and Disj. Syl.

I
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The idea of calculusThe idea of calculus

• Calculus = strings of symbols + rewrite rules
• Normal form: where rewriting can not proceed further
• Rules are abstract, applied “mechanically”
• Example: Differential Calculus = smooth functions + rules

of differentiation
• Propositional Calculus = compound  propositions +

inference rules

J

As we have seen earlier, it is possible to validate a logical argument by using abstract rules
and rewriting (expanding, discarding and modifying) the premises. Making expressions by
rewriting other expressions is common in mathematics. It is usually done withing a body of
rules intended specifically for this purpose which are called a calculus. In a calculus, all
rules are fromal. Their meaning and justification are completely outside the calculus. The
application of rules is governed by some patterns in the expression being rewritten.
Intuition may have to be used when there is a choice of rules applicable to the same
expression. The process of rewriting goes on until no further application of rules is
possible or necessary. This final point of rewriting is usually called the “normal” or
“canonical” form. It does not have to be unique (but in most calculi it is).
The Differential Calculus provides a useful example. It consists of expressions that use
functions and the d symbol. The rules are those for differentiating elementary functions,
quotients, products, functions of functions, etc. We may apply those rules in various ways,
depending of what is easier to do (but we never have to go back to the ininitesimal
arguments that are used to justify them). The normal form in this calculus is an expression
that no longer involves differentiation. It is not unique, but two different normal forms are
guaranteed to be equal.
The propositional calculus is a similar thing. The inference rules may be used for rewriting
compound propositions preserving their truth values (just as the value of an expression
does not change when we apply the rules of differentiation). Its normal forms are called
Disjunctive and Conjunctive Normal Forms and are outside the scope of this course.
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PredicatesPredicates
Predicate  = proposition depending on a variable 
which ranges over some class of objects 
(the universe of discourse )

Quantifiers  turn predicates into propositions
(∀x) P(x) means “for all x P(x)”

(∃x) P(x) means “there exists x such that  P(x)”
A true ( ∃x) P(x) also defines  x to be such that P(x) 

Examples:
P(n) = n is prime

P(5)=T P(6)=F
Q(x) = x is green

Q(grass)=T Q(blood)=F

Examples:
P(n) = n is prime

P(5)=T P(6)=F
Q(x) = x is green

Q(grass)=T Q(blood)=F

Examples:
(∀n) P(n) = “all numbers are prime”
(∃ n) P(n) = “there exists a prime number”
(∀n) Q(n) = “all things are green”
(∃ n) Q(n) = “there exists a green thing”

Examples:
(∀n) P(n) = “all numbers are prime”
(∃ n) P(n) = “there exists a prime number”
(∀n) Q(n) = “all things are green”
(∃ n) Q(n) = “there exists a green thing”

J1

In practical logic we are very seldom concerned with individual facts. More often we wish
to reason about some general properties of things and make conclusions that are applicable
to a range of objects. Adding a variable to a proposition (as opposed to using variable
propositions) serves this purpose. Predicates can be quantified, which is a process not
unlike function integration: we use the truth value of the predicate on every possible value
of the variable and then work out a “total” of some sort. The difference is that when
integrating, the total has the meaning of a “sum”. Here the meaning could be either
“disjunctive”, i.e. “one or more of”, or “conjunctive”, i.e. “all”. The former is construed as
an existential and the latter as a universal meaning of the predicate. Note that the truth of
(∃x) P(x) does not imply the uniqueness of x. There can be more than one value of x at
which the predicate is true; at least one such value must exist. This is similar to the
“exclusive-or” vs. “inclusive-or” problem in propositional logic.
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Predicates (2)Predicates (2)

More examples:
1. 2k is even

(∀k∈N) even(2k)
2. x = 3 is a solution of x2=9

 (∃x) x2=9 and x = 3
3. all prime numbers are odd except 2

 (∀k∈N) prime(k) → odd(k) or k = 2
4. everybody has a friend

 (∀x∃y) x is friends with y
5. there is a person who is friends with everybody

 (∃y ∀x) x is friends with y

More examples:
1. 2k is even

(∀k∈N) even(2k)
2. x = 3 is a solution of x2=9

 (∃x) x2=9 and x = 3
3. all prime numbers are odd except 2

 (∀k∈N) prime(k) → odd(k) or k = 2
4. everybody has a friend

 (∀x∃y) x is friends with y
5. there is a person who is friends with everybody

 (∃y ∀x) x is friends with y

• Learn to recognise quantified predicates

J2

It is important to recognise the quantified-predicate structure in certain propositions, for
informal speech is often ambiguous enough to make more than one interpretation logically
possible. The phrases ‘there exists’ and ‘for all’ are not necessarily found in statements of
general nature: these phrases could be reworded or even totally omitted, as in the examples
on the slide.
Note the defining power of the existential quantifier. In example 2 the proposition implies
that x2=9 is an equation, which makes the symbol x a variable entity taking different
numerical values. So to suggest that x=3 is a solution is tantamount to making two
statements: (i) there exists a value that satisfies the equation, and (ii) that value equals 3 ---
which results in the predicate formula given on the slide. The meaning of the same without
quantification would be different: “here’s some symbol x which is defined outside our
argument; it is stated that x equals 3 and x2=9”. This may be true or false depending on the
value of x which we do not know. By contrast, the quantified version is definitely true,
being a mathematical fact.
Note also that the order of quantifiers is important precisely because the existential
quantifier defines the variable it quantifies. If another variable is introduced earlier, the
one being defined is implicitly dependent on it. In example 4 on the slide, y is x’s friend
and would generally be a different person for a different x.
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Negating quantifiersNegating quantifiers

not ((∀x )P(x)) = (∃x) not P(x)
not ((∃x )P(x)) = (∀x) not P(x)

Examples:
1. Let P(x) = I like subject x.
    Then not ((∀x) P(x)) = (∃ x) not P(x) means
    “that I like all subjects is not true” =
    “there is a subject that I do not like”
2. Let P(x) = x is edible.
    Then not ((∀x) P(x)) = (∃ x) not P(x) means
    “not all things are edible” =
    “there is a thing that is not edible”

Examples:
1. Let P(x) = I like subject x.
    Then not ((∀x) P(x)) = (∃ x) not P(x) means
    “that I like all subjects is not true” =
    “there is a subject that I do not like”
2. Let P(x) = x is edible.
    Then not ((∀x) P(x)) = (∃ x) not P(x) means
    “not all things are edible” =
    “there is a thing that is not edible”

K

Note that although it seems possible to verify these simple rules by replacing the
quantifiers by strings of and’s and or ’s according to the meaning, they still have to be
taken for granted as they deal with a potentially infinite universe of discourse. We shall see
later that infinite collections of objects may cause very serious problems in mathematics.
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Instantiation of predicatesInstantiation of predicates

To instantiate  a predicate P(x) 
on some value x=x0 means to 
substitute x0 for every x in the 
right-hand side of its definition. 
We write P(x← ← x0 )

 (use these to avoid different var’s mixing up)

(∀x )P(x) = (∀y )P(x← ← y ) 
(∃x) Q(x) = (∃y )Q(x← ← y ) 

(∀x )P(x) 
(∃x) Q(x)


∴ ∴ (∃x) Q(x) and  P(x) 

Example:
All students work hard
There’s a student who knows math well

∴ ∴ There’s a student who works hard and 
who knows math well

Example:
All students work hard
There’s a student who knows math well

∴ ∴ There’s a student who works hard and 
who knows math well

(∀x )P(x) 


∴ ∴ P(a) for any  a 

P(a) for any  a

∴ ∴ (∀x )P(x) 

L

Some comments here:
1. Instantiation is another method (besides quantification) of making propositions out of
predicates.
2. The variable substitution rule shows that variables are just placeholders and hence can
be renamed freely (but consistently).
3. Universal specification and generalisation are the rules that formally state the
equivalence of the phrases “for all” and “for any”. The reason why this should be a special
rule is because we wish to introduce a calculus, i.e. a formal rewrite system to avoid
informal reasoning.
4. The quantified syllogism means that if one predicate is universally true and another is
true at some value of its argument, they are true jointly at that value. To formally derive
that from the rules of logic, let us first use the substitution rule for the first premise to
substitute y for x. This way we shall avoid the ambiguity of having x quantified twice in
the same argument. Then apply the principle of universal specification and derive P(x)
from it, where x is the symbol defined in the second premise. Finally connect the premises
and carry the existential quantifier.
This syllogism is not primary, but we shall need it for some interesting examples.
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Theorems and proofsTheorems and proofs

An axiom  is a statement assumed to be true, which can not be 
validated.
A noncontradictory  set of  axioms  constitutes an axiomatic theory .
Axiomatic theories are usually required to be  redundancy-free , 
i.e. no “superfluous” axioms.

A theorem is a proposition which is claimed to be true in a certain 
(assumed) axiomatic theory.

To prove  a theorem means to provide a valid logical argument 
which uses  axioms as premises and the theorem as the corollary.

M

Euclid 
365–300BC

Kurt Gödel
1906–1978 

We use axiomatic theories for modelling the real world. Initially they were introduced as a
safeguard against ambiguity and provided the ideal framework for mathematical reasoning.
Such is classical geometry defined in Euclid’s “Elements”. Such are number theory and
many other fundamental topics in mathematics.
There is, however, another (and quite surprising!) application of axiomatic theories. Large
software projects are carried out these days by building a hierarchical abstraction of the
product being developed. Objects and actions on them are abstracted so that they may be
represented by data structures in computer memory with the behaviour conforming to a
certain set of rules. As a result some axioms can be formulated which embody the most
evident properties of objects. Those can be ascertained reliably by simple inspection, each
one separately.
The “rules of the game” are introduced by defining how the axioms may be combined to
state (or prove) more complex propositions, the truth of which is less evident. A
specification of software may then be considered as a collection of such compound
propositions, with their truth to be demonstrated on the basis of previously asserted
axioms. Software validation can thus be reduced to proving theorems in an abstract
axiomatic theory.
One would wonder if there exists a proof recipe for an arbitrary theorem in a given
axiomatic theory. Sadly, such a recipe is known not to exist. Worse still, Gödel managed to
demonstrate that in any axiomatic system more complex than arithmetic there exists at
least one proposition that is not even provable. This statement is known as the Gödel
Theorem (ask yourself what axiomatic theory it could possibly be based on...). It is one of
the most exciting results of the XX century’s logic.
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Axiomatic theory (example)Axiomatic theory (example)

Axioms
Axiom 1. dogs exist

Axiom 2. a flea is an insect

Axiom 3. every dog has fleas

Axiom 4. a dog may be
 someone’s pet

Axiom 5. a good owner’s pets 
have no insects

Theorems

Theorem 1. Pets may have fleas

Theorem 2. Good owners don’t 
     own dogs

Theorem 3. Fleas exist

Theorem 4. Good owners exist

Axioms
Axiom 1. dogs exist

Axiom 2. a flea is an insect

Axiom 3. every dog has fleas

Axiom 4. a dog may be
 someone’s pet

Axiom 5. a good owner’s pets 
have no insects

Theorems

Theorem 1. Pets may have fleas

Theorem 2. Good owners don’t 
     own dogs

Theorem 3. Fleas exist

Theorem 4. Good owners exist

N1

Time to see an example. Write the statements on the slide in symbolic form using any
appropriate notation for the atomic predicates. The result should look roughly as follows:

Axiom 1. (∃ x) dog(x) 
Axiom 2. (∀x) flea(x) → insect(x)
Axiom 3. (∀x) dog(x) → (∃y) (flea(y) and has(x, y))
Axiom 4. (∃ x,y) dog(x) and owner(y, x)
Axiom 5. (∀x,z) good(z) and owner(z, x) → (not ∃y) insect(y) and has(x, y)

Theorem 1. (∃ x,y,z) has(x,z) and flea(z) and owner(y, x)
Theorem 2. (∀x,z) good(z) and owner(z, x) → not dog(x)
Theorem 3. (∃ x) flea(x) 
Theorem 4. (∃x,z) good(z) and owner(z, x)

Note that since more than one representation of a proposition is possible, your answer may
not be exactly the same. Check it is equivalent to the above though.
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Axiomatic theory (example) (2)Axiomatic theory (example) (2)

N21

Theorems and proofs:
1. (∃ x,y,z) has(x,z) and flea(z) and owner(y, x)

Axioms: 1. (∃ x) dog(x)      2. (∀x) flea(x) → → insect(x) 
3. (∀x) dog(x) → → (∃y) (flea(y) and has(x, y))     4. (∃ x,y) dog(x) and owner(y, x) 
5. (∀x,z) good(z) and owner(z, x) → → (not ∃y) insect(y) and has(x, y)

Axioms: 1. (∃ x) dog(x)      2. (∀x) flea(x) → → insect(x) 
3. (∀x) dog(x) → → (∃y) (flea(y) and has(x, y))     4. (∃ x,y) dog(x) and owner(y, x) 
5. (∀x,z) good(z) and owner(z, x) → → (not ∃y) insect(y) and has(x, y)

Now try to prove the theorems. Here are some hints (but again, try to do it by yourself
first).

1. Use Axioms 4 and 3 (substitute y←z in the latter). Now apply the Quantified Syllogism (with x
being the common variable).
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Axiomatic theory (example) (3)Axiomatic theory (example) (3)

N22

Theorems and proofs:
2. (∀x,z) good(z) and owner(z, x) → not  dog(x)

Axioms: 1. (∃ x) dog(x)      2. (∀x) flea(x) → → insect(x) 
3. (∀x) dog(x) → → (∃y) (flea(y) and has(x, y))     4. (∃ x,y) dog(x) and owner(y, x) 
5. (∀x,z) good(z) and owner(z, x) → → (not ∃y) insect(y) and has(x, y)

Axioms: 1. (∃ x) dog(x)      2. (∀x) flea(x) → → insect(x) 
3. (∀x) dog(x) → → (∃y) (flea(y) and has(x, y))     4. (∃ x,y) dog(x) and owner(y, x) 
5. (∀x,z) good(z) and owner(z, x) → → (not ∃y) insect(y) and has(x, y)

∃

2. Use Axioms 3 and 2. Extend the corollary of Axiom 3 with Axiom 2 (substitute x←y in the latter)
using the rule of conjunction:

(∀x) dog(x) → [(∃y) (flea(y) and has(x, y)) and (∀y) flea(y) → insect(y)]
Apply the Quantified Syllogism in variable y, resulting in

(∀x) dog(x) → [(∃y) flea(y) and has(x, y) and (flea(y) → insect(y))]
Apply Modus Ponens to the underlined terms, resulting in

(∀x) dog(x) → [(∃y) insect(y) and has(x, y)]
Now apply Modus Tollens:

(∀x) [(not ∃y) insect(y) and has(x, y)] → not dog(x)

 and the Hypothetical Syllogism for Axiom 5 and the above.
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Axiomatic theory (example) (4)Axiomatic theory (example) (4)

N23

Theorems and proofs:
3. (∃ x) flea(x) 

4. (∃x,z) good(z) and owner(z, x)

Axioms: 1. (∃ x) dog(x)      2. (∀x) flea(x) → → insect(x) 
3. (∀x) dog(x) → → (∃y) (flea(y) and has(x, y))     4. (∃ x,y) dog(x) and owner(y, x) 
5. (∀x,z) good(z) and owner(z, x) → → (not ∃y) insect(y) and has(x, y)

Axioms: 1. (∃ x) dog(x)      2. (∀x) flea(x) → → insect(x) 
3. (∀x) dog(x) → → (∃y) (flea(y) and has(x, y))     4. (∃ x,y) dog(x) and owner(y, x) 
5. (∀x,z) good(z) and owner(z, x) → → (not ∃y) insect(y) and has(x, y)

3. Use Axioms 1 and 3(the latter requires x←y and universal specification y=x). Then apply Modus
Ponens and Conjunctive Simplification.
4. (∃x,z) good(z) and owner(z, x)
This statement is undecidable. This means neither the truth nor the falsehood of it can be ascertained.
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Proof techniquesProof techniques

1. Assume  P(x← ← x0) 
2. Show  Q(x0)

1. Assume  not  Q(x← ← x0) 
2. Show  not  P(x0)

Show  P(x← ← x0) and  not  Q(x0) 
is a contradiction

1. Assume 2x0−−4 > 0 

2. Show x0 > 2:
   2x0−−4 > 0  
   2x0 > 4
    x0 > 2

1. Assume 2x0−−4 > 0 

2. Show x0 > 2:
   2x0−−4 > 0  
   2x0 > 4
    x0 > 2

Example:
if 2x−−4 > 0 then x>2

Example:
if 2x−−4 > 0 then x>2

(∀x )P(x) →Q(x) 

1. Assume x0 ≤ 2

2. Show 2x0−−4 ≤ 0:
x0 ≤ 2 
2x0 ≤ 4
2x0−−4 ≤ 0
    

1. Assume x0 ≤ 2

2. Show 2x0−−4 ≤ 0:
x0 ≤ 2 
2x0 ≤ 4
2x0−−4 ≤ 0
    

1. Assume 2x0−−4 > 0 and x0 ≤ 2

2. Show contradiction:
x0 ≤ 2 and 2x0−−4 > 0
2x0 ≤ 4 and 2x0−−4 > 0
2x0−−4 ≤ 0 and 2x0−−4 > 0
    

1. Assume 2x0−−4 > 0 and x0 ≤ 2

2. Show contradiction:
x0 ≤ 2 and 2x0−−4 > 0
2x0 ≤ 4 and 2x0−−4 > 0
2x0−−4 ≤ 0 and 2x0−−4 > 0
    

1. Universal Specification
2. Prove this is not a counter-
example
3. Universal Generalisation

A counterexample  
is an instance of x
for which 
P(x) and not Q(x) 

O

C onnective FF FT TF TT

if  P then  Q T T F T

Rule of In ference N ame of Rule

no t  p  →
co ntrad ictio n

  
∴  p

Rule of
Contradiction

For a limited class of statements in the form “for all x, if P(x) then Q(x)” there are three
very well established methods of proof, which in fact go back to ancient time (they were
known to Euclid and Thales). The trick is to narrow down the universe of discourse to just
one object x and prove the truth of the statement for this object. In doing so, we must make
sure that we do not assume anything about the nature of x and that all statements that we
make would be valid if x were a different exemplar of the sort of object it was meant to be.
For example if x is a number, we should assume it to be any concrete number, odd or even,
large or small, etc. We can then proceed to proving the statement for that x, which can be
done in three different ways.
1. We can assume that the premise of the theorem is true, i.e. P(x). We will then use this as
a fact alongside other known facts, which are the axioms and theorems proven previously.
If we are able to show that the truth of those makes it certain that Q(x) is true, then we have
effectively proven the theorem. Indeed using the implication table, it is easy to see that if
the corollary is true whenever the premise is true, then there is no chance of invalidating
the implication as that would require the corollary to be false with a true premise. Finally,
as we did not assume anything of the nature of x our conclusion should be valid for all x
for which the premis is true. This technique is known as the direct proof : we use the
material of the premise to show the truth of the corollary directly.
2. The direct proof, while being attractive as the clearest form of argument, is not always
available. The difficulty is that a direct proof normally requires a general argument with
respect to x. The contrapositive technique avoids it by using the Modus Tollens derivative
of the original theorem, as follows. Assume x is such that it invalidates the corollary:
not Q(x). Again we shall assume nothing else of x and keep it totally general. If we are
able to show that this assumption along with all known facts makes P(x) false, then the
truth of the implication is proven for it would only be invalid if it was possible to show that
P(x) is true when Q(x) is false. Using a similar generalisation step, we conclude that this
proves the theorem.
3. Among the proof techniques, proof by contradiction (or reductio ad absurdum if you
are as fond of Latin as some) is the trickiest. If we are able to show that the assumption of
P(x) being true and Q(x) being false for the same x leads to a contradiction, i.e. for any x
this assumption can be shown to be false, then the failing case of implication never
materialises and hence the implication remains true for all x, which proves the theorem.
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Existence proofsExistence proofs

• Existence proofs may arise
when trying to disprove a
general statement

• An existence proof may be
constructive , i.e. find x.

(∃x )P(x)

Example:
Statement: 
“all odd numbers are primes”
(∀x) P(x) → Q(x)
Suspect it is false. Try to prove the inverse:
not( (∀x) P(x) → Q(x) )
De Morgan’s Law for quantifiers:

(∃x) not (P(x) → Q(x))
Constructive proof:
Number 9 is odd but not prime

“For every number there exists a prime 
number that exceeds it.”
Proof by contradiction:
Suppose there were Nmax , then consider 
the product of all primes + 1, which would 
be a larger prime number

Example:
Statement: 
“all odd numbers are primes”
(∀x) P(x) → Q(x)
Suspect it is false. Try to prove the inverse:
not( (∀x) P(x) → Q(x) )
De Morgan’s Law for quantifiers:

(∃x) not (P(x) → Q(x))
Constructive proof:
Number 9 is odd but not prime

“For every number there exists a prime 
number that exceeds it.”
Proof by contradiction:
Suppose there were Nmax , then consider 
the product of all primes + 1, which would 
be a larger prime number

Constructive proofs 
are not always available, 
look at this statement →

P

This is another frequent kind of provable statement. Sometimes mathematics is able to
assert the existence of an object without finding a way to construct it. For example, a
known theorem of algebra states that any polynomial equation

has a solution in complex numbers but another theorem proves that there does not exist a
radical expression of this solution in terms of the coefficients of the equation. Despite
being able to prove that the solution exists, we are not only unable to find it in finite form,
we are absolutely certain nobody can! And yet existence proofs are useful for practically-
minded, too. They are useful precisely because so many things that are thinkable do not
exist and that can often be found without searching the world. On the slide we have given
an example of such an object. When one learns prime numbers at school, they feel very
peculiar objects which may not be easy to find as the range of numbers increases. So the
question that arises naturally is whether or not there are infinitely many of them and if
there are, then we should be interested in a regular procedure that finds them one by one.
On the other hand, if we had such a procedure, that by itself would be a proof that there are
infinitely many prime numbers. However, another kind of proof is possible which is not
“constructive”. It proves just the existence of an object (in this case, the infinite set of
prime numbers) giving no indication as to how to build it. Such a proof is usually much
easier to find than the constructive one; the latter may not even exist. Also note, that the
(unconstructive) proof by contradiction, i.e. assuming the object does not exist and taking
this to a contradiction, is a useful inference rule here, too.
There is one more way in which existence proofs may be important. Whenever there is a
doubt that a statement about a category of objects is true, one may attempt to disprove the
statement by finding an object for which the statement is false, or, in mathematical
parlance, find a counterexample. For example, if the statement were “all pretty girls are
stupid”, we would naturally be inclined to want to disprove that. We would like to prove
that the opposite was true, i.e. that pretty girls do not have to be stupid. Logic insists that
finding just one bright pretty girl should be proof enough as that would provide a
counterexample. However, the process of finding the counterexample does not have to lead
to a particular object (a bright pretty girl in our case). An existence proof could be
employed instead. (For instance, it is known that X always speaks the truth. X says he
knows a pretty girl who is incredibly bright, therefore one exists.) --
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Principle of mathematical inductionPrinciple of mathematical induction

Q1

• For any predicate P(k) on naturals, the argument below,
called the Principle of Mathematical Induction,  is valid

Example: 
Prove n3+2n is divisible by 3.

P(1)
P(k) → P(k+1) for all k

∴P(k) for all  k

basis step

inductive step

There is hardly any other principle in mathematics that makes a learner more confused
than the PMI. Those who understand it find it trivial, those who don’t, believe it is too
complex and hardly ever useful. We shall see soon that both statements are very far from
the truth.
The PMI is fundamental to the theory of sets and to foundations of mathematics. It can be
regarded as a theorem to be proven using the Principle of Well-Ordering of cardinals.
Irrespective of that, its informal meaning is quite straightforward: for a succession of
objects, proving one on the basis of its predecessor is a valid technique provided the very
first object is proven independently. Then the first one is correct, the second one is correct
because of the first one, the third one is correct because of  the second one, etc. One is
tempted to conclude that the whole infinite sequence of objects is proven automatically by
virtue of this cascading process. But here is the snag. There is no inference rule in logic
that allows controlled repetition. Logic as we have described it precedes arithmetic. Its
inference rules do not involve numbers and are not based on properties of numbers. Hence
a separate inference rule is necessary to handle repetitious syllogistic arguments.
However, from the practical point of view, the PMI is a simple and efficient tool for
analysis of logical arguments that depend on integer numbers. There are plenty of proofs in
math whose elegance stems from the use of the PMI pattern right in the centre of the proof
argument.
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Why is PMI valid?Why is PMI valid?

Axiom of well-ordering
In every set of natural numbers there is a least element

Proof of PMI (by contradiction)

PMI (strong form)
P(1)
P(k) and P(k-1) and … P(1) → P(k+1) for all k

∴P(k) for all  k

Example (PMI, SF):
Prove every integer is
either a prime or 
a product of primes.

Q2

And now on to the foundation of it. The PMI rests on the principle of well-ordering which
states that every collection of cardinal numbers has the least element. Trivial as it is, this
statement is a famous mathematical principle, one of the very few things mathematics has
to take for granted. For us it is useful to see that the discipline of mathematics prefers to
use the fewest unproven concepts in every theory (this is known as the “Occam razor”
principle after the English philosopher William of Occam whose noble image I am unable
to find to display here).
On a practical note, this is yet another instructive example of a proof by contradiction.
The validity of the strong form of PMI hinges on the same pronciple of well-ordering, with
the proof being similar to the one for the ordinary PMI. It is useful for more complex
arguments involving retrograde reasoning not based on immediate precedence. The only
example that I know is on the slide. There may be others; this one would suffice to
illustrate the principle.
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Verification of programsVerification of programs

• Testing:
Supply input, check output

exhaustive testing
impossible

• Partial correctness:
 P(input)  → Q(output),  provided that
program terminates
P: precondition ; Q: postcondition
We write: P{S}Q

• Correctness :
S is correct if it is partially correct
and terminates

programinput output

P
S

Q

y=sqrt(x)x y

 P(x) = (x≥ 0); Q(y) = (y2 =x±ε ); 

R1

A. Hoare

We are now going to look at an unusual application of some ideas from axiomatic systems.
When writing a program, we often believe that the machine instructions that we produce
are in some sense “correct”, i.e. they achieve some goal or perform some function as
intended. What this amounts to in practical terms is that when given the right input the
program is expected to produce the right output. The way to make sure this is the case is
usually by extensive testing: give it some input and see what output you are getting and if
it isn’t right, “you’ve got a bug”, find it and fix it.
It is very well known that tests can help to find problems but they cannot be used to prove
there isn’t one. So at best we can hope that since the behaviour of a program under test
conditions seems correct then it is correct. Will you stake your life on it? And life may be
exactly what’s at stake if the program is used to control a modern aircraft or the brake pads
in a car, or a weapon system.
Mathematics gives us a way of performing tests on our programs that are equivalent to an
infinite series of real tests. This is not a guarantee yet, but stillsomething much better than
selective testing. In some cases we can even arrive at a proof that the program is correct.
The idea of correctness proof was first formulated by Edsgar Dijkstra, the patriarch of
contemporary computer science, but was then mooted at length byTony Hoare of Oxford
University who introduced a convenient notation and some useful formalism. Here is what
he suggested. Define partial correctness as the truth of the implication

P(input)  → Q(output)

where P is a predicate, called precondition, that is true at all admissible values of the input,
and Q is another predicate, called postcondition, that is true at the value of the output that
is the expected response to the input value. For example, for a program that identifies an
enemy aircraft by its radar response, P(x) is true only when the power and composition of
the radar response is within the working ranges and Q(x) is true on all correctly identified
signals and false otherwise.
This is not the whole correctness yet, since programs do not have to yield any output
whatsoever and may endlessly remain in the process of computing. This is called the
termination problem. It is a separate concern though, which will be addressed later on.
So what we are getting is a statement that looks rather like a theorem except there is no
axiomatic theory around it and there are no rules of inference at our disposal that can be
applied to program code.



33

 A.Shafarenko, 1995. All rights reserved

Inference rules for programsInference rules for programs

Composition
p{S1}q
q{S2}r


∴ p{S1;S2}r

Rule for if- then - else
(p and  c) {S1} q
(p and not  c) {S2} q


∴ p {if c then S1; else S2} q

Rule for if- then
(p and  c) {S} q

∴ p {if c then S}q

Rule for loops
(c and  p) {S} p∴ p {while c S} (not  c and  p)

p = T, q = (x ≥ y)
if(x<y) y=x;

p = T, q = (abs = |x|)
if(x<0)abs=-x;
else abs=x;

p = T, q = (fct = n!)
i=1;
fct=1;
while(i<n) {
  i=i+1;
  fct=fct*i;
}

R2

Here are some inference rules for programs. The purpose of these rules is to reduce the
argument about a piece of program to a set of arguments about what it consists of. (This is
similar to the way inference rules work in logic: they split an argument into subarguments.)
The composition rule is a twin of the hypothetical syllogism. If p implies q and q implies r
by virtue of code blocks S1 and S2, respectively, then executing S1and S2 in series will
indeed result in achieving condition r from condition p.
The meaning of the rule for if-then is straightforward: if the condition of the if statement is
satisfied, it has no effect on its body S. Therefore, pre-conditioning this statement with
both its own condition and the precondition of S should ensure that the post-condition of S
can be used  as the postcondition to the whole instruction. The rule for if-then-else uses
similar logic.
The first nontrivial case which has no analogue in logic is inference of a loop. The notion
of loop invariant is introduced, which is a condition p that is not violated by the loop body
S. We can then precondition the loop with p and its continuation condition c. The post-
condition should then be the truth of p and the falsehood of c. Indeed, if the continuation
condition is satisfied before the loop body, the loop will execute. Since the body does not
alter the truth of p as it executes, p will remain true throughout the iterations. When the
loop terminates p is still true, but obviously the condition c must be false, which is exactly
what the inference rule suggests.
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Program verification (example)Program verification (example)

p = integer(m) and integer(n)
q = (ReturnedValue=mn)
prod(m,n)int m,n;
{
  if (n<0) a=-n;
  else a=n;
  k=0;
  x=0;
  while (k<a){
    x=x+m;
    k=k+1;
  }
  if (n<0) return(-x);
  else return(x);
}

S1

S2

S3

S4

R3

Here’s a complete example. The program function prod implements a naïve algorithm of
multiplication via repeated addition. Conditions p and q are the pre- and post-conditions of
the function. Introduce further conditions as appropriate and build up the argument for the
correctness of this program.



Using Recorded Lectures

Welcome!

This leaflet will help you use your audiographic lectures. Please make a
printed copy of it for your reference and read it carefully before you start.

The first page of the browser shows the contents of the module. When you
click the mouse on the topic of your choice you will be presented with a
page on which a copy of the relevant slide and some additional notes are
displayed. Unless you have got it already, make a hard copy of this page
and have it handy.

Every slide has an icon located just above the title, which looks like this:

By clicking the mouse on it, an audiographic playback of the lectured
material associated with the slide is initiated. Be patient as the player
software loads up, this may take some time especially if you are using a
shared computer system.

Now you can see the player window (it could be part of your Internet
browser window or a separate one) with a scroll bar at the bottom. When
the slide is fully loaded, click anywhere on it to start the presentation. If you
are using a shared facility, make sure you are wearing your headphones
which should be plugged in to the audio socket on your computer. Please
avoid sounding the presentation through the built-in speakers when this
may disrupt the work of any other users.

As the presentation goes on, you may see some hand-written notes
appearing on the slide. Various items may be highlighted to draw your
attention to them and there may be some animated drawings to illustrate
various points the lecturer makes. Use your hard copy to take any notes
you feel important. The presentation may appear to you to go too fast (in
fact it will do in most cases initially). Clicking on the slide will suspend the
playback to give you more time to comprehend the material. A further click
will resume the presentation. Even though a slide rarely has more than 5
minutes of audio associated with it,  you may wish to repeat or skip various
parts of the show as you go along. The horizontal scroll bar is intended
precisely for this purpose. By clicking on the bar, you may skip to the next
(previous) audio fragment and clicking at either end of the bar moves you
up and down the lecture by one step at a time. You can also grab it with the
mouse and position it  as you want, taking the visual cue from the graphics
on the slide. Experiment with it for a while until you feel comfortable,
then proceed to your work. Do not forget to read the additional notes on the
print-out when you have finished with the lecture.

first page

playback icon

starting playback

player controls



Logic. Tutorial problems

Propositions and logical connetives

1. Each of the following statements is a compound proposition comprising two atomic ones and a logical connective.
Identify the propositions and the connective and re-write the statements in symbolic form. Pattern: "I won the game and you
lost"; p and q, where p is "I won the game" and q is "you lost the game".

a) I shall have a salad or a soup for lunch.
b) Touch those cookies and you'll be sorry.
c) Steel is the best material for nails or screws
d) I feel good when I have done my homework
e) You leave or I set the dog on you.
f) Whenever x=0, the magnetic card is outside the box.
g) If it rains the barbecue will be cancelled.
h) I will go unless you stop that.

2. Using the implication symbol → and/or the symbol of equivalence ≡, write the following propositions in symbolic form
(do not use any other connectives!):

a) if p then q
b) p if q
c) the falsehood of p follows from the falsehood of q
d) p only if q
e) p if and only if q
f) p is a sufficient condition for q
g) p is a necessary condition for q
h) p implies q
i) the truth of p follows from the truth of q

3. Show the following statements to be tautologies. Do not use truth tables in your solution.
a) ((p→q) and (q→r)) → (p→r)
b) ((p→(q and r)) ≡ ((p→q) and (p→r))
c) ((p→(q→r)) ≡ ((q→(p→r))

4. Using the properties of connectives,
a) express implication and equivalence in terms of not-and.
b) express and in terms of xor and or.

5. What is the reason that logical connectives connect only two propositions? Why does logic not use connectives for three
propositions?

Rules of inference

6. Consider the following arguments. For every argument establish whether it is valid and if it is whcih inference rule can
be used to prove its validity.

a) Ron can play golf and he can play chess. Therefore he can play chess.
b) A sufficient condition for James to win the prize is to defeat all his opponents. James won. Therefore he

defeated all his opponents.
c) Ann's car leys are either in her bag or on the kitchen table. Ann's car keys are not on the kitchen table.

Therefore they are in her bag.
d) When I feel tired, I go for a walk. I have gone for a walk. Therefore I have felt tired.
e) If Alex passes the test he will get his driving license. If Alex gets his driving license, he will be entitled to

driving on his own. Therefore if Alex passes the test he will be entitled to driving on his own.



f) If I work hard, I shall pass the exam. If I apply for a grant, I shall receive the money. I have not received the
money or passed the exam. Therefore I did not work hard or I did not apply for the grant.

g) If I buy my ticket in time, I shall visit my brother this summer. I have not bought my ticket in time. Therefore I
have not visited my brother this summer.

7. Show that the following argument is valid:
a) Socrates is a man. If Socrates is a man, he is mortal. Plato is right or Aristotle agrees with Socrates. If Aristotle

agrees with Socrates, then Socrates is immortal. Therefore Plato is right or Pythagoras is 5ft tall.
b) (René Descartes) The only thing that I know to be true is that I am in doubt. If I am in doubt then I think. If I

think then I am. Therefore I am.

Predicates

8. Write the following propositions as quantified predicates using the atomic predicates given in brackets.
a) cats like milk (P(x) = x is a cat, Q(x) = x likes milk)
b) only cats like milk (same predicates)
c) everybody has a friend (P(x,y) = x is friends with y)
d) somebody is everyone's friend (same predicate)
e) no more than one person failed the exam ((P(x) = x failed the exam)
f) exactly one person failed the exam (same predicate)

9. Let g(x,y) = xy/ (y−x). Find the expression for g(x−y, x+y). Prove your answer using the predicate instantiation rules.

Proof techniques

10. A statement is given in the form (∀x)(P(x)→Q(x)), where x is an integer. Instead of attempting to prove it directly, a
logician decides to establish the truth of one of the following propositions, which, if shown to be true, must ensure the truth
of the theorem. Which one(s) can he use and which ones can he not use?

a) (∃x) Q(x)
b) (∀x) not P(x)
c) (∀x) Q(x)
d) (∃x) P(x) and not Q(x)
e) (∀x) (not P(x)) and not Q(x)
f) (∃x) (not P(x)) and not Q(x)

11. Now suppose the logician wants to disprove the statement (∀x)(P(x)→Q(x)). Which of the statements above can be use
to this end and which can not be?

12. The axiomatic theory that defines "real numbers" can be based on any set S of objects. There are 9 axioms:

1.  

 

3.  

4.  

5.  

6.  

7.  

8.  

9.  

( )

. ( )

( )( ) ( )

( )( ) ( )

( ) ( ) ( ) ( )

( )

( )

( ( )) ( )

( )

∀ + = +
∀ × = ×
∀ + + = + +
∀ × × = × ×
∀ × + = × + ×
∃ ∀ + =
∃ ∀ × =
∀ ∃ − + − =

∀ ≠ ∃ ×− −

ab a b b a

ab a b b a

abc a b c a b c

abc a b c a b c

abc a b c a b a c

z x z x x

u x u x x

a a a a z

a z a a a

2

1 1 = u

where the operations "plus" and "times" are abstract and all the quantified variables are just abstract variables no matter
how we denote them, in full agreement with the substitution rules for predicates. For instance, the fact that a variable is
denoted −a does not mean that it has a "sign" and that it should be inverted, any variable b could be used instead.
Prove the following theorems:



a) if there exist more than one member of set S, then z ≠ u
b) objects z and u are unique
c) prove or disprove (∃w) z × w = u
d) (∀x)(−u)× x = −x , where both −u and −x are defined in terms of axiom 8.

Principle of Mathematical Induction (PMI)

13. Use PMI to prove that 1×2+2×3+3×4+ ... +n(n+1) = n(n+1)(n+2)/3.

14. Here is a proof by induction of the fact that all cats are the same colour. First define the set of objects of the same colour
as a set in which there is no pair of objects of different colours. Now comes the proof.
Basis step: a set of one cat is a set of cats of the same colour.
Inductive step: suppose the theorem has been proven for all sets of k cats. Consider a set of k+1 cats. Take one cat out of
the set, call it First. By inductive hypothesis, the rest of the cats are the same colour, say colour x. Take another cat away,
call it Second. Cat Second is colour x, since all cats were colour x when we took Second out. Remember the rest of the set
has k−1 cats of colour x. Now return First to the set. The set has now k cats, k−1 of which are colour x (the other cats) and
there is also cat First of some unknown colour. Since by inductive hypothesis a k-cat set has just one colour, First must also
be colour x. OK, now bring Second back in, we have a set of k+1 cats, all colour x.
To summarise, we assumed any k cats were of colour x and we have proven any k+1 are colour x also.
Conclusion: by virtue of the Principle of Mathematical Induction, all cats in the world are the same colour.
Since the conclusion is obviously false (we have all seen ginger, grey. stripy, etc. cats), only three posibilties are available.
The PMI is false or inapplicable to cats, logic is false or inapplicable to cats, or there is an error in the proof. I choose the
last, do you?

15. How many regions do k straight lines divide a plane into provided that no two lines are parallel and no more than two
lines intersect in the same point. (hint: use PMI; how many regions are split into two by drawing one more line?)

Program correctness

16. Verify that the program segment

y=1; x=x+y; if(x<0)x=2;

is correct for the precondition x=0 and the postcondition x=1.

17. Here is a program fragment implementing a simple division algorithm:

precondition: a is a nonnegative integer, and d is a positive integer, r=a, and q=0

while(r>=d) {
r=r-d; q=q+1;
}

postcondition: q and r are nonnegative integers, a=qd+r , 0≤ r< d

Explain the postcondition. Prove correctness.



Logic. Solutions
1.

a) p = “I shall have a salad”, q = “I shall have some soup” p xor q
b) p = “you touch these cookies”,  q = “you will be sorry” if p then q
c) p = “steel is the best material for nails”, q = “steel is the best material for screws” p and q
d) p = “ I feel good”, q = “I have done my homework” if q then p
e) p = “you leave”, q = “I’ll set the dog on you” if not p then q
f) p = “x=0”,  q = “the magnetic card is outside the box” if p then q
g) p = “it rains” q = “the barbecue will be cancelled” p if and only if q
h) p = “you stop that” q = “I will go” q if not p

2.
a) p → q, b) q → p, c) q → p, d) p → q, e) p ≡ q, f) p → q, g) q → p, h) p → q, i) q → p

3.
a) Hint: to show that ((p→q) and (q→r)) → (p→r) is a tautology, use the following facts (you may use truth tables

to validate any of them):
(i) p→q ≡ (not p) or q
(ii) distributivity: of and over or
(iii) absorption: x or (x and y) = x

b)  Hint: to show that an equivalency is a tautology, it is sufficient to demonstrate that it has the form x ≡ x, where
x is some (compound) proposition. Use (i) from the previous problem and the distributivity of or over and to
prove the equivalency does indeed have the form x ≡ x.

c)  Hint: use (i) from problem a).

4.
a) implication a→b can be expressed as a↑(b↑b), where ↑ stands for not-and; the expression for equivalence

a≡b is (a↑b)↑[ (a↑a) ↑(b↑b)].
b)  a and b = true xor ((true xor a) or (true xor b))

5. A connective connecting three propositions can be expressed in terms of the ordinary connectives. Indeed for the
connective defined by this truth table:

a b c t(a,b,c)
false false false t0
false false true t1
false true false t2
false true true t3
true false false t4
true false true t5
… … … …

such an expression could be:

r0((not a) and (not b) and (not c)) or
r1((not a) and (not b) and c) or
r2((not a) and b and (not c)) or …

in which each of rk should be replaced by a not, if tk is false, or omitted otherwise. Explain why.

6.  
a) valid, rule of conjunction;
b) invalid, this is a “converse error”;
c) valid, disjunctive syllogism. (Note that the “or” here is exclusive. Strictly speaking, we require a version

of  disjunctive syllogism for xor which although not given among the rules of inference, can be shown to
be correct using an appropriate argument. Find the argument.)

d) invalid, this is another converse error;
e) valid, hypothetical syllogism
f) valid, distructive dilemma



g) this is an interesting example. Formally, it is an inverse error, as we argue that
p→q
not p
---------
∴not q

However, the first premise sounds more like an equivalency.  If that is what is meant, (i.e., “If and only if
I buy my ticket in time will I be able to visit my brother”) then of course the argument is valid:
p→q
q→p
not p
---------
∴not q
To show that it is, first drop the first premise using the rule of conjunction, then apply Modus Tollence to
the other premises and the result is the corollary of the argument. The lesson to be learnt here is that
natural language is ambiguous and so one has to think very carefully about the intended meaning of a
phrase when using it in a logical argument.

7.
a) here is the same argument in symbolic form:

s
s → m
p or a
a → not m
--------------
∴p or g

Where do we begin? The goal is to validate the corollary p or g using any premises. As we know nothing
about the truth of  g, let us try to establish the truth of  p. If we succeeded  in that, we would immediately
validate the corollary by virtue of disjunctive amplification. If we failed, we would try something else. How to
find the truth of p? The third premise tells us that p or a is true. Our goal being to establish the truth of  p,
we are now tempted to prove that a is false, which would deliver the desired result by virtue of disjunctive
syllogism. Now we find a in the condition of the fourth premise. Apply Modus Tollence, the result is m →
not a. Combine that with the second premise and use hypothetical syllogism, the answer is s → not a. Next
the first premise combines with that, Modus Ponence, and we derive the truth of not a. As we have intended,
this answer combines with the third premise, and after disjunctive syllogism and disjunctive amplification
with g, the proof is finished!

b) having solved the previous poblem, this one presents little challenge and is included in case you have
given up on problem a). To validate this argument, simply combine the second and third premises by
hypothetical syllogism and add the first one for Modus Ponens.

8.
a)  (∀x)P(x)→Q(x)
b)  (∀x)Q(x)→P(x)
c)  (∀x∃y)P(x,y)
d)  (∃y∀x)P(x,y)
e)  (∀x,y) (P(x) and P(y)) → x = y
f)  ∃z P(z) and (∀x) P(x) → x = z

9. The proper predicative form of the statement is (∀xy)g(x,y)=xy/(y−x). As we are going to instantiate the predicate
using the same variables x and y, let us first rename the variables in the quantified statement. Using the instantiations
rules for universal quantification, we state (∀zw)g(z,w)=zw/(z−w). Now substituting x−y for z and x+y for w according
to the Rule of Universal Specification, the result is g(x−y, x+y)= (x2−y2)/2y

10.  b), c), e) can be used.
11.  d) can be used for this purpose
12.  



a) Proof by contradiction. Assume there exists some x≠z,u but z=u. Then, on the one hand,
x = x×u = x×(u+ z) = x×u+ x×z = x + x×z. Add (−x) to both sides, resulting in z = x×z. On the other hand,
we have assumed that z=u, so z = x×z implies that z = x×u. But then z = x, contrary to our other
assumption. The contradiction proves the theorem.

b)  The proof is fully analogous to the proof of uniqueness for bottom (top) in BA.
c)  In question a) we have established that x×z = z  for any x. Since z≠u if there are at least 2 elements in the

algebra, the multiplicative inverse of z does not exist there either.
d)  Indeed, the statement −x = (−u)×x is fully equivalent to x + (−u)×x = z by virtue of axiom 8. Now,

x + (−u)×x = x×u + (−u)×x = x×u + x×(−u) = x× (u + (−u)) = x× z = z, which completes the proof.

13. Denote xk = 1×2 + … + k×(k+1). The base case: x1=2 is verified by direct substitution. Now assume the induction
hypothesis, i.e. xk = k×(k+1) ×(k+2)f3 for some k. Consider xk+1.

xk+1 = xk + (k+1) ×(k+2) = {by inductive hypothesis} = k×(k+1) ×(k+2)f3 + (k+1) ×(k+2) =
= (kf3+1) ×(k+1) ×(k+2) = (k+1) ×(k+2) ×(k+3)f3.

The result is xk+1 = (k+1) ×(k+2) ×(k+3)f3, which is the  statement we are trying to prove xk = k×(k+1) ×(k+2)f3
written for k+1 rather than k. We conclude that if the formula is correct for some k then it is correct for k+1 and since
it is also correct for k=1, then by virtue of the PMI it is proven for all k.

14.  Hint: think of  the step 1⇒2.
15. Consider k intersecting straight lines. Add another line such that it does not go through any one intersection point
that there is there already. Since the new line is not permitted to be parallel to any of the existing lines according to
the statement of the problem, it should intersect with exactly k lines. k intersection points add k+1 extra border
segments which split the respective regions into two, thus adding k+1 regions. Therefore,

Rk+1=Rk + (k+1),

where Rk is the number of regions that border on k intersecting lines. Since R0 = 1,

Rk = 1+1+2+3+4+ …+k = 1+k(k+1)/2.

(Here the formula for the sum of an arithmetic progression has been used, which can be verified by induction, too.)
The complete solution of this problem should include a detailed proof by induction of the answer 1+k(k+1)/2 using the
inductive argument Rk+1=Rk + (k+1) which we employed when deriving this formula.

16. According to the composition rule, we insert conditions between statements which should be interpreted as
postconditions to the statements they appear after and at the same time preconditions to the statements following
them. The first and last conditions are the pre- and postconditions to the program, respectively:

x=0 {y=1} x=0 and y=1 {x=x+y}  x=1 and y=1 {if(x<0)x=2} x=1

The only statement that is not obvious and hence needing proof is the last one as it involves an if-then construct.
According to the rule of inference for conditionals, a sufficient condition for the truth of

x=1 and y=1 {if(x<0)x=2} x=1

is

x=1 and y=1 and x<0 {x=2} x=1

and since neither pre- nor postcondition is satisfied, the if-statement is proven correct.

17. The postcondition a=qd+r , 0≤ r< d, states that q  equals the quotient and r the remainder of the division. To
prove correctness, observe that the proposition a=qd+r is in fact a loop invariant of the fragment in question.

The termination of this fragment is entirely obvious from the fact that the value of r decreases monotonically at every
turn of the loop with the loop condition terminating the loop as soon as this value drops below a certain level.


